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Ion evaporation from the surface of a Taylor cone

F. J. Higuera
ETS Ingenieros Aerona´uticos, Plaza Cardenal Cisneros 3, 28040 Madrid, Spain

~Received 5 February 2003; published 14 July 2003!

An analysis is carried out of the electric field-induced evaporation of ions from the surface of a polar liquid
that is being electrosprayed in a vacuum. The high-field cone-to-jet transition region of the electrospray, where
ion evaporation occurs, is studied taking advantage of its small size and neglecting the inertia of the liquid and
the space charge around the liquid. Evaporated ions and charged drops coexist in a range of flow rates, which
is investigated numerically. The structure of the cone-to-jet transition comprises: a hydrodynamic region where
the nearly equipotential surface of the liquid departs from a Taylor cone and becomes a jet; a slender region
where the radius of the jet decreases and the electric field increases while the pressure and the viscous stress
balance the electric stress at the surface; the ion evaporation region of high, nearly constant field; and a
charged, continuously strained jet that will eventually break into drops. Estimates of the ion and drop contri-
butions to the total, conduction-limited current show that the first of these contributions dominates for small
flow rates, while most of the mass is still carried by the drops.

DOI: 10.1103/PhysRevE.68.016304 PACS number~s!: 47.15.Gf, 47.65.1a
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I. INTRODUCTION

Electrostatic atomization is a technique for generat
sprays of monodisperse drops of electrically conducting
uids with diameters ranging from micrometers to nan
meters. It is used, for example, in mass spectrometry, ele
propulsion, food and pharmaceutical industries, and elec
static deposition. In a basic configuration, the liquid to
electrosprayed is fed through a capillary needle and form
meniscus at the end of the needle. A voltage differenc
applied between the needle and an opposite electrode~ex-
tractor! to create a field around the liquid which brings ele
tric charge to its surface and elongates the meniscus in
direction of the field. In certain ranges of voltage and liqu
flow rate, the meniscus takes the form of a cone whose
emits a thin jet that breaks into electrically charged drops
some distance from the meniscus. This is the so-called c
jet mode in the classification introduced by Cloupeau a
Prunet-Foch@1#. The hydrostatic balance of surface tensi
and electric stress which leads to a conical meniscus
ascertained by Taylor@2#. Analyses of the electrohydrody
namics of the cone-jet and discussions of the extensive w
carried out in this area can be found in Refs.@3–6#, among
others.

Ions may accompany the charged drops of an elec
spray. Field-enhanced evaporation of ions has long b
known to occur at the surface of a metallic liquid and fin
application in liquid metal ion sources~LMIS! @7#. More
recently, Iribarne and Thomson@8# proposed that the sam
phenomenon might be responsible for the evaporation
ions dissolved in dielectric liquids, and Fennet al. @9# used it
to explain the generation of ions from tiny drops of solutio
of large, fragile biomolecules in electrospray ionizatio
Though the idea of field-enhanced evaporation from die
tric liquids was not immediately accepted, it has receiv
first indirect support@10–12# and then direct confirmation b
Gamero-Castan˜o and Ferna´ndez de la Mora @13# and
Gamero-Castan˜o @14#, who measured the current of emitte
ions. Working with electrosprays of concentrated solutions
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NaI in formamide and other liquids in a vacuum, these a
thors find that electric fields of the order of 1 V/nm, whic
are required to evaporate ions from these liquids, can
realized both in the largest drops generated immedia
upon the breakup of the jet and in the cone-to-jet transit
region of the meniscus. According to their scaling laws a
those of Ferna´ndez de la Mora and Loscertales@3#, the maxi-
mum electric field should be proportional to the power 1/6
the ratio of the electrical conductivity of the liquid to th
flow rate injected through the meniscus. Their experime
with liquids of conductivities of the order of 1 S/m an
above demonstrate that ion evaporation appears in the
dicted regions when the flow rateQ is sufficiently small.
They find a regime of coexistence of ions and drops in wh
the total electric current stays above the well-knownI
}Q1/2 law for regular electrosprays, reaches a minimum, a
then increases with decreasingQ. Romeroet al. @15#, in fur-
ther experiments with the ionic liquid EMIBF4, find that the
drop emission vanishes entirely for flow rates close to
smallest flow rate at which a Taylor cone can be establish
leaving a regime of pure ionic emission akin to that of LMI

Beams of charged drops and ions have long been use
electric propulsion. Early research in the 1960s cente
much on highly stressed electrosprays of glycerol elec
lytes, chosen for its high dielectric constant and small vo
tility, but handicapped by a small electrical conductivity th
limits the charge-to-mass ratio of the drops and thus the s
cific impulse attainable at reasonable acceleration volta
see Martı´nez-Sa´nchezet al. @16# for a detailed account. More
recent research has been prompted by the requiremen
new space applications such as microsatellites and forma
flying missions that depend on a controllable thrust in
range of tens of micronewtons. Gamero-Castan˜o and Hruby
@17# and Bocanegraet al. @18# discuss the possibilities of
fered by new propellants such as formamide seeded w
ammonium salts, tributyl phosphate, and ionic liquids
meet the opposite, mission-dependent requirements imp
on the specific impulse, the energy per unit thrust and
propulsion efficiency.
©2003 The American Physical Society04-1
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This paper is devoted to an analysis of the evaporation
ions from the cone-to-jet transition region of an electrosp
in the regime in which a jet is left beyond the ion evapo
tion region. This jet will eventually break into a spray
charged drops that coexist with the ions in some downstre
region, but neither these processes nor the feeding needle
the meniscus upstream of the transition region need to
analyzed in detail if use is made of the disparity of sca
between the tiny transition region and all the other regio
Numerical simulations and order-of-magnitude estimates
used to characterize the flow and ion evaporation in
cone-to-jet transition region. Estimates are derived for
ions and drops electric currents and for the range of fl
rates where the ions-and-drops regime can be realized.

II. FORMULATION

Ion emission by field-induced evaporation from the s
face of a polar liquid in a vacuum is well described by Iri
arne and Thomson@8# mechanism, which~for liquids of
large dielectric constant and surfaces of small curvature@10#!
is embodied in the expression

j e5
kT

h
s expF2

DG2GE~E!

kT G ,
with GE~E!5S e3E

4pe0
D 1/2

, ~1!

giving the electric current density across the surfacej e as a
function of the surface density of free charges and the elec-
tric field E at the surface of the liquid. Herek andh are the
Boltzmann and Planck constants,e is the elementary charge
e0 is the permittivity of vacuum,T is the temperature, an
DG is the activation energy for ion evaporation in the a
sence of an electric field. Typical values of the ratioDG/kT
for liquids that undergo ion evaporation are in the range
50–100 at ambient temperature. This means that the ra
evaporation is negligible in the absence of an electric fie
and also that the exponential factor in Eq.~1! changes from
very small to very large when the field increases throug
narrow range of width 2kTE* /DG around a value of the
order of E* 54pe0(DG)2/e3, which makes the exponen
equal to zero. Typical values ofE* are of the order of 1–2
V/nm.

The mass flux across the liquid surface accompanying
evaporation current is

fe5z j e , ~2!

wherez is the mass-to-charge ratio of the solvated ions t
evaporate.

Electric fields of the order ofE* may be attained in the
electrospraying of a sufficiently conducting liquid in
vacuum. In the absence of ion evaporation, the electric fi
at the surface of the liquid has a maximum in the cone-to
transition region. This maximum field increases, and the s
of the transition region decreases, when the flow rate is
creased or the electrical conductivity of the liquid is i
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creased@3–6#. Typical values of the radius of the jet whe
the electric field reaches values of the order ofE* in the
experiments of Gamero-Castan˜o et al. @13,14# and Romero
et al. @15# are about 10 nm, and the required flow rates are
the range of 10214–10213 m3/s. Estimates of the density o
space charge around the evaporation region of the sur
based on the measured evaporation current and electric fi
of the order ofE* suggest that the field induced by the spa
charge can be neglected at small evaporation currents, so
the electric potential in the vacuum around the liquid (2w
with E5“w) satisfies¹2w50.

The small values of the flow rate and the size of the co
to-jet transition region where evaporation occurs bring
important simplifications to the analysis.

On one hand, the structure of the flow in the cone-to-
transition region becomes independent of the configura
of the needle holding the meniscus and of the extractor. T
is because the transition region is small compared with
other length of the system. Consider the meniscus upstr
of the transition region. The velocity and the electric field
the liquid decrease rapidly upstream of the transition regi
so that only surface tension and normal electric stress
important in the balance of stresses that determines the s
of the surface. Leaving out the effect of the space charge
advancing that the effect of the charge of the jet far dow
stream is also negligible@see Eq.~14! below#, this balance of
stresses yields the classic Taylor equipotential cone@2# of
semiangle a549.29°, for which w5wT(R,u)
5BR1/2P1/2(cosu). Here P1/2 is Legendre’s function of de-
gree 1/2,R is the distance to the apex of the cone,u is the
angle around the apex, measured from the prolongation
the cone axis, and

B5
21/2

2P1/28 ~2cosa!sina~ tana!1/2S g

e0
D 1/2

51.3459 . . . S g

e0
D 1/2

.

Taylor solution provides thus the far field asymptotics for t
cone-to-jet transition region.

On the other hand, the Reynolds number based on
flow rate and the size of the transition region is moderate
small, which suggests that the inertia of the liquid does
play an important role in this region. The pressure variatio
and viscous stresses estimated with these same magni
are of the order of the surface tension and electric stres
the transition region. This is at variance with known es
mates for the cusp of a LMIS@7,19#, for which typical values
of the surface tension and the electric field are ten tim
larger than in the present case, leading to curvature rad
the surface ten times smaller, and the flow rates are so s
that flow-induced stresses at the surface are always s
compared with surface tension and electric stresses.

Neglecting the inertia of the liquid altogether, the flow
the transition region and the electric potentials in the liqu
and in the vacuum obey Stokes and Laplace equations
spectively. Boundary conditions at the surface express, in
context of the leaky dielectric model@20#, the balances of
4-2
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ION EVAPORATION FROM THE SURFACE OF A TAYLOR CONE PHYSICAL REVIEW E68, 016304 ~2003!
mass and momentum, the continuity of the electric poten
and a transport equation for the free surface charge, wh
density determines the jump of the component of the elec
displacement normal to the surface. Figure 1 is a sketc
the transition region. Inspection shows that the problem to
solved in this region contains the following parameters:
viscositym, electrical conductivityK, surface tensiong, and
dielectric constantb of the liquid; the permittivity of
vacuume0; the flow rateQ injected through the meniscus
and the constants entering the evaporation law~1! and ~2!.
Scales for the different magnitudes involved can be b
from the first three of these parameters plus the permitti
of vacuum using dimensional analysis. They are

R05
e0g

mK
, v05

g

m
, E05

m1/2K1/2

e0
,

Q05v0R0
2 , I 05KE0R0

2 , ~3!

w05E0R0 , s05e0E0 .

Using these scales to nondimensionalize the problem,
denoting the nondimensional variables with the same s
bols used before for their dimensional counterparts, we
led to the following formulation:

“•v50

052“p1¹2v

¹2w i50
J for r ,r s~x!, ~4!

¹2w50 for r .r s~x!, ~5!

where x and r are cylindrical coordinates~see Fig. 1!, r
5r s(x) is the surface of the liquid, which occupies the r
gion r ,r s(x), v andp are the liquid velocity and pressure
andw i andw are the negative of the electric potentials in t
liquid and in the vacuum, respectively, so thatEi5“w i and
E5“w are the electric fields.

The boundary conditions are the following:

“•n5p2n•t8•n1
1

2
~En

22bEn
i 2!1

1

2
~b21!Et

2 , ~6!

t•t8•n5sEt , ~7!

FIG. 1. Definition sketch.
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dx
52pr s~En

i 2 j e!~11r s8
2
!1/2, ~8!

with I s52pr svs and j e5s exp@A~E1/22E*
1/2

!#,

v•n5z j e , s5En2bEn
i , Et5Et

i ~9!

at the surfacer 5r s(x);

w i5
I

2p~12cosa!R
,

with I 5I s1I b and I b52pE
0

r s
Ex

i r dr , ~10!

c52
BP1/28 ~2cosa!

2p~12cosa!
IR1/2f B~2cosu!

1
Q

2p~12cosa!
~11cosu!, ~11!

v→0 ~12!

in the liquid far upstream, forx→2` and r ,r s(x);
2x tana1o(1), wherec andv are the stream function an
the vorticity, and the origin of coordinates is at the apex
the cone;

r s5OS Q̃

Ĩ x1/2D , v5OS Ĩ 2x

Q̃
D ,

s5OS 1

x1/2D , p5OS Ĩ x1/2

Q̃
D ,

with Ĩ 5I 2I e~`!, Q̃5Q2zI e~`!,

and I e~`!52pE
2`

`

j e~11r s8
2
!1/2r s dx, ~13!

in the liquid far downstream, forx→`; and

w5wT~R,u!1OS Q̃

Ĩ R
D ,

with wT5BR1/2P1/2~cosu!, B51.3459 . . . , ~14!

in the vacuum for (x,r )→`.
HereR5Ax21r 2 andu5arctanr/x are spherical coordi-

nates;n5(2r s8 ,1)/A11r s8
2

andt5(1,r s8)/A11r s8
2

are unit
vectors normal and tangent to the surface, respectively;En
5E•n andEt5E•t, and similarly for the electric field in the
liquid; t85 1

2 @“v1(“v)T# is the viscous stress tensor;I s
and I b are the surface convection and bulk conduction c
rents, respectively;j e is the current density of ions evapora
ing from the surface nondimensionalized withKE0, so that
I e(`) in Eq. ~13! is the total nondimensional current evap
4-3
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F. J. HIGUERA PHYSICAL REVIEW E 68, 016304 ~2003!
rated from the cone-to-jet transition region andĨ is the cur-
rent left in the downstream jet; and finally, the mass-
charge ratio of the evaporating ionsz has been
nondimensionalized withrQ0 /I 0, wherer is the density of
the liquid. The total flow rate evaporated in the transiti
region iszI e , andQ̃ is the part of the injected flow rateQ
that is left in the downstream jet.

Equation~6! is the balance of stresses normal to the s
face. The left-hand side is the surface tension stress and
last two terms on the right-hand side are the normal elec
stress@20,21#. The flux of momentum carried by the evap
rating ions is neglected. Equation~7! is the balance of
stresses tangent to the surface, the right-hand side bein
electric shear stress. Equation~8! is the balance of free
charge at the surface. The free surface charge is convecte
the flow, leading to an electric current that increases du
the conduction current reaching the surface from the liq
and decreases due to the evaporation of ions. Condition~9!
express the proportionality of the flow rate and electric c
rent crossing the surface, and the electrostatic conditions
the jump of the normal component of the electric displa
ment across the surface is equal to the surface density of
charge and that the component of the electric field tangen
the surface is continuous.

Far upstream of the evaporation region, the menis
tends to a Taylor cone where the field normal to the surf
and the density of free surface charge are proportiona
1/R1/2. The surface current tends to zero forR→` due to the
decrease of the surface charge and the velocity of the liq
and the evaporation current also decreases very rapidly a
electric field decreases. Thus, only conduction in the liquid
left to transport the electric current in this far region, whi
is the cause of the radial variation of the electric potentia
Eq. ~10!. The radial field in the liquid and the free charge
the surface lead to an electric shear that induces a recirc
ing flow whose stream function is given by the first term
Eq. ~11!, with f B(j) solving (12j2)( f B

iv24j f B-1 3
2 f B9 )

2 15
16 f B50, f B(1)5 f B(cosa)5f B9(cosa)1150, and f B8 (1)

,`; see Ref.@22#. The second term of Eq.~11! is the stream
function of the sink flow due to the flow rateQ injected
through the meniscus.

The asymptotic conditions~13! in the jet downstream o
the evaporation region come from the order of magnitu
balances

vr s
2;Q̃, svr s; Ĩ , p;

1

r s
,

prs
2

x
;sEtr s , Et;

1

x1/2
, ~15!

which express the conservation of the flow rate and the e
tric current which have not evaporated~conduction is negli-
gible in the far jet because the cross section and the ele
field decrease with streamwise distance!, the balance of pres
sure and surface tension, the axial increase of the pres
due to the electric shear at the surface, and the condition
01630
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the axial field in this far downstream region is induced by t
surface charge in the conical meniscus far upstream, decr
ing as in Taylor solution@2#.

Finally, Eq.~14! gives the electric potential in the vacuu
away from the evaporation region as that of Taylor solut
plus a correction due to the surface charge in the jet
downstream.

Problem ~4!–~14! contains the properties of the liqui
lumped in the four nondimensional parameters

b, z, A, and E* , ~16!

where

A5
~e3E0/4pe0!1/2

kT
and E* 5

4pe0~DĜ!2

e3E0

with DĜ5DG2kT lnS kT

h

e0

K D .

Its solution should determine the flow and the electric fiel
the surface of the liquid, and the electric currents that eva
rate and are left in the jet in terms of these parameters
the nondimensional flow rateQ injected through the menis
cus.

The scaling factors~3! depend only on physical propertie
of the liquid and the permittivity of vacuume0, but not on
the flow rate, which can be varied independently of the l
uid, nor the parameters appearing in the evaporation law~1!
and ~2!. Alternative scaling factors have been used in Re
@3,13# which are based onK, g, e0, and the flow rate instead
of m. The relations between the current and the viscos
nondimensionalized with these factors (Î andm̂ say! and the
nondimensional current and flow rate used here areÎ

5I /Q1/2 and m̂5Q1/3. ~The nondimensional variables use
in Ref. @3# are actuallyb1/2Î andb2/3/m̂.! Similarly, the al-
ternative nondimensional maximum electric field at the s
face and the corresponding radius of the surface areÊM

5EMQ1/6 and r̂ M5r M /Q1/3, whereEM and r M are the val-
ues of these magnitudes nondimensionalized withE0 andR0
in Eq. ~3!. Dimensional analysis shows that, in the absen
of inertia and ion evaporation,

Î 5 f 1~m̂,b!, ÊM5 f 2~m̂,b!, r̂ M5 f 3~m̂,b!. ~17!

In addition, it has been observed experimentally that
viscosity of the liquid is not an important parameter in d
termining the current and other properties of the solution
the solution was strictly independent ofm̂, then Eq.~17!

would imply that Î , ÊM , and r̂ M are constant for a given
liquid @3,13#. The current would then be strictly proportion
to the square root of the flow rate; the maximum electric fi
would be inversely proportional to the sixth root of the flo
rate; and the size of the cone-to-jet transition region wo
be of the order of the charge relaxation length@3#:
(e0b/K)1/33(flow rate)1/3. Bringing out these results is th
main merit of the nondimensionalization that leads to E
~17!. On the other hand, qualitative order-of-magnitude e
4-4
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mates aimed at describing a consistent structure of the s
tion have been worked out in Ref.@6# and in Sec. III B be-
low. These estimates suggest that the proportionality of
electric current and the square root of the flow rate is reali
when 1!Q!b2, but the solution develops then a multisca
structure in which the maximum electric field is not attain
in the charge relaxation region but in a somewhat sma
region immediately downstream of it, where the appropri
scale of the field differs slightly from the one derived fro
Eq. ~17! with the assumption ofm̂ independence. This resul
if it is correct, brings in a weak dependence of the solut
on the viscosity of the liquid.

III. RESULTS

A. Numerical solutions

The parameterA measures the sensitivity of the evapor
tion currentj e in Eq. ~8! with the electric field. It is typically
large. Values for formamide and EMIBF4 at ambient tem-
perature are 112.91 and 221.92, respectively, withE0 in ~3!
evaluated for a conductivityK51 S/m. In these conditions
E* 50.4 and 0.12, respectively. Values ofE* are somewhat
larger for other liquids that do not undergo evaporation i
Taylor cone. This has been rationalized@13,15# noticing that
~i! there is a minimum flow rate below which a cone
cannot be established in the absence of evaporation@3,13#,
and ~ii ! the field at the surface increases when the flow r
decreases. Therefore, the minimum flow rate determines
maximum attainable field and, given the strong sensitivity
j e with the electric field, evaporation will be negligible if thi
maximum field is smaller thanE* .

The large values ofA make up for a difficult numerica
problem. Numerical solutions of~4!–~14! have been com-
puted here for values ofA smaller than in real experiments
in the hope that this will not induce qualitative changes in
problem. A similar approach has been often taken in co
bustion problems also involving high activation energ
@23#, for which comparison with asymptotic results is som
times possible and supports this kind of approximation,
least for stationary solutions.

The electric current is plotted in Fig. 2 as a function of t
flow rate forA560 and an otherwise realistic set of para
eter values. The solid curve gives the total current and
dash-and-dot curve gives the currentĨ left in the jet. The
dashed curve is theI –Q relation for the same values of th
parameters but in the absence of ion evaporation (j e set
equal to zero!; it displays the well-known behaviorI}Q1/2

@3,4,6#. The total current departs from the square root l
when Q decreases, though the divergence of the solid
dashed curves in Fig. 2 is less pronounced than in the exp
ments of Gamero-Castan˜o and Ferna´ndez de la Mora@13#
because of the reduced value ofA used here. The total cur
rent is always larger than the current in the absence of ev
ration, while the current left in the jet is smaller than th
reference current because evaporation decreases som
the surface charge density. The numerical method fails
converge below a certain value ofQ at which the evaporation
current is already considerably larger thanĨ . The current in
01630
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Fig. 2 displays a small hump forQ about 50, which does no
exist whenE* 50.49 ~not shown!. In some of the cases o
Fig. 3, for other values of the parameters, the hump
developed into a minimum and a maximum of the curre
This kind of response is in line with the experimental resu
of Romeroet al. @15#, though the extrema are shallower he
than in their experiments and the valueb55 is not the rep-
resentative of the polar liquids for which evaporation h
been observed.~Large values of the dielectric constantb are
needed to achieve large electrical conductivities and t
large electric fields; cf. the expression ofE* below Eq.~16!
with E0 in ~3! proportional toK1/2.!

The streamwise evolution of the different components
the electric current is shown in Fig. 4 for a sample case. T
electric field at the surface and the surface charge density
given in Fig. 5. The bulk conduction current@ I b defined in
Eq. ~10!# dominates in the meniscus, decreases monot

FIG. 2. Total electric current (I , solid!, current left in the jet (Ĩ ,
chain!, and electric current in the absence of ion evaporat
~dashed!, as functions of the flow rate forb550, z50, A560, and
E* 50.36. The dotted line at the left isI 53.54Q1/4.

FIG. 3. Total electric current (I , solid!, current left in the jet (Ĩ ,
chain!, and electric current in the absence of ion evaporat
~dashed!, as functions of the flow rate forb55, z50, and the
couples of values (a): (A,E* )5(50,0.4225); (b): ~60,0.4225!; and
(c): ~50,0.49!.
4-5
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F. J. HIGUERA PHYSICAL REVIEW E 68, 016304 ~2003!
cally through the transition region, and tends to zero in
jet far downstream, whereI b;Q̃2/( Ĩ 2x3/2) when Eqs.~13!
and ~15! are used. The surface current@ I s in Eq. ~8!# first
increases, as the component ofEi normal to the surface car
ries conduction current to the surface, then goes throug
maximum and a minimum in the evaporation region, wh
the surface charge density also has a minimum, and fin
increases towards its asymptotic valueĨ in the jet, where the
surface charge density keeps decreasing@see Eqs.~13! and
Fig. 5# due to the continuous straining of the jet by the ele
tric shear at its surface. Ion evaporation is concentra
around the maximum of the electric field; the evaporat
current 2pr sj e , with j e in Eq. ~8!, decreases rapidly at bot
sides of the maximum. The accumulated evaporation cur
I e(x)52p*2`

x j eA11r s8
2r s dx rises from zero to a constan

value, and the total currentI 5I b(x)1I s(x)1I e(x) is a con-
stant.

FIG. 4. Conduction current (I b , solid!, convection current (I s ,
dashed!, accumulated evaporation current (I e , chain!, and evapora-
tion current density (2pr sj e , dotted, right side scale!, as functions
of the axial distance, forQ546, b550, z50, A560, andE*
50.36. The upper horizontal line gives the total currentI 5I b1I s

1I e .

FIG. 5. Electric field at the outer side of the surface (En , solid!,
surface charge density (s, dashed!, and radius of the surface (r s ,
dotted, right side scale!, as functions of the axial distance, forQ
546, b550, z50, A560, andE* 50.36 ~upper horizontal line!.
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The stresses normal to the surface are shown in Fig
The pressure and normal viscous stress are negligible in
meniscus far upstream, where the balance of surface ten
and normal electric stress which is characteristic of Tay
hydrostatic solution prevails. In the jet far downstream,
the other hand, the normal electric stress becomes neglig
and there is a balance of surface tension and pressure,
has been advanced in the estimates~15! that led to the down-
stream asymptotic conditions~13!. In between, the pressur
goes through a minimum, taking negative values, and
normal electric stress goes through a maximum before
creasing in the jet.

B. Asymptotic estimates

This section describes qualitative features of the solut
of ~4!–~14! in the formal limit (Q,b)@1, E* !1, A@1.

1. Evaporation onset

Ion evaporation is negligible until the maximum electr
field at the surface rises to makeA@max(E)1/22E*

1/2
#

5O(1) in Eq. ~8!. An evaporation onset can be defined
the asymptotic limitA→` by the condition

max~E!5E* , ~18!

where the maximum field is evaluated in the absence
evaporation, being therefore a function ofQ and b only.
Gamero-Castan˜o et al. @13,14# and Romeroet al. @15# have
used this condition along with max(E)5f(b)/Q1/6 and f (b)
determined experimentally. This law was first proposed
Fernández de la Mora and Loscertales@3# on the basis of a
model in which the maximum field is attained in a region
characteristic size (bQ)1/3 around the apparent apex of th
conical meniscus where the residence time of the flow is
the order of the electrical relaxation time of the liquid@R/v
5O(b) with v5O(Q/R2), in nondimensional variables#;
see the discussion at the end of Secs. II and III B 2 bel
The same result has been derived@13# by patching the elec-

FIG. 6. Surface tension~solid!, normal electric stress~dashed!,
pressure~chain!, and normal viscous stress~dotted!, as functions of
the axial distance, forQ546, b550, z50, A560, and E*
50.36.
4-6
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tric fields around the cone and around the jet. Carrying
expression of max(E) to Eq. ~18! gives a critical flow rate
Q* proportional to 1/E*

6
above which evaporation is negl

gible. This is in qualitative agreement with experimental
sults.

Asymptotic estimates for large values ofQ and b @6#
suggest, however, that the maximum field is attained in
rear part of the cone-to-jet transition region, already in
jet, and scales as 1/Q1/8 whenQ@b4 and asb1/2/Q1/4 when
Q!b4. Though these asymptotic results might be realiz
only for very large values ofQ andb, they can be used in
Eq. ~18! to give, in their ranges of validity,

Q* 5O~1/E*
8
! for b1/2E* !1

Q* 5O~b2/E*
4
! for b1/2E* @1

J ~19!

at the onset of ion evaporation.
The asymptotic estimates leading to these results are

tended below to cases of vigorous evaporation for flow ra
below Q* , assuming that a stationary solution still exists
the evaporation region and around.

2. Hydrodynamic region

The recirculating flow induced by the electric shear at
surface of the cone@the first term of Eq.~11!# dominates for
R@(Q/I )2, which are very large distances in the conditio
of interest here. The radial sink flow represented by the s
ond term of Eq.~11! dominates for smaller values ofR, in an
intermediate region where the surface is still a cone. T
radial flow is an exact irrotational solution of the Stok
equations in a cone, with no associated pressure variation
viscous stresses at the surface. Pressure variations and
cous stresses should appear in the region where the su
deflects away from a cone. The characteristic velocity of
liquid in this hydrodynamic region isvh5Q/Rh

2 , and its size
Rh is determined by the condition that the nondimensio
pressure and normal viscous stress, ofO(vh /Rh), should
become of the order of the surface tension and normal e
tric stress in Taylor solution, ofO(1/Rh). Thus, Rh
5O(Q1/2) and vh5O(1), whereasEn5O(Q21/4) at the
outer side of the surface. The liquid is screened from t
field by the electric charge at the surface.

On the other hand, the density of free surface chargs
leads to a surface current of the order ofsvR in the menis-
cus, whose streamwise variation requires a fieldEn

i

5O(sv/R) in the liquid in order for electric conduction t
carry the appropriate additional charge to the surface@the
estimate ofEn

i comes from the balance ofdIs /dx and the
right-hand side of Eq.~8! without ion evaporation#. This is
admissible whilebEn

i &En in the second condition~9!,
which, withs5O(En) from this same condition, amounts t
R/v*b; i.e., a residence time of the order of the electric
relaxation time or larger. The conditionR/v5O(b) defines
the electric relaxation region of Ferna´ndez de la Mora and
Loscertales @3#, of size Re5O(bQ)1/3, where En
5O(bQ)21/6.
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This relaxation region comes out smaller than the hyd
dynamic region whenQ@b2, so that the estimate ofRe is
not applicable in this case and the free surface charge ad
almost instantaneously to make the surface of the liquid
equipotential down toR5O(Rh) and in at least a certain
stretch of the jet. In the opposite case whenQ!b2, surface
charge relaxation ceases to be possible before the pres
and normal viscous stress become sufficiently strong to
form the surface. Then the density of free surface cha
cannot increase at the pace ofEn for R!Re , as would be
required to screen the liquid. The second condition~9! sim-
plifies to bEn

i 'En and the current freezes at a value of t
order of the characteristic surface current in the relaxat
region,Q1/2/b1/2, in agreement with Ref.@3#. Even in these
conditions, however, the electric field in the liquid is sm
compared withEn whenb@1 ~an inner field of the order of
En in the electric relaxation region would lead to a condu
tion current of the order ofb1/2Q1/2, larger than the curren
observed in the absence of evaporation@3#!. It is the polar-
ization charge rather than the free surface charge that
vents such high fields from entering the liquid. This case
Q!b2 will not be realized in the estimates that follow, but
could be relevant to the pure ionic regime of Romeroet al.
@15#.

3. Slender jet

The following two conditions should hold in the leadin
part of the jet downstream of the hydrodynamic region.

First, the surface of the jet should be nearly equipotent
This is a condition of matching with the hydrodynamic r
gion upstream. Should the electric field enter the liquid i
mediately upon the surface becoming a slender jet, this fi
would originate a conduction current that is too large a
whose streamwise variation could not be balanced by
variation of the surface current. The condition of a nea
equipotential surface also underlies the analyses of the c
region of a LMIS upstream of the cap where ion evaporat
occurs @24#. The jet lies on the prolongation of the con
where the axial field induced by the charge at the surface
the cone is of the order ofQ21/4 at distances of the order o
Rh from its apparent apex and decreases as 1/x1/2 further
downstream@from Eq. ~14!#. This field is to be balanced by
the field of the charge at the surface of the jet, which acts
a line distribution of charge. In terms of the radius of the j
r s(x), and the field normal to its surface,En(x), the axial
component of the field induced by the line distribution
charge isd(Enr s)/dx up to logarithms~see e.g., Ref.@25#!.
The condition that this field should balance the axial field
the meniscus is, in orders of magnitude,

Enr s

x
;

1

x1/2
. ~20!

Second, the pressure and normal viscous stress of the
uid on the surface should balance the normal electric str
The normal viscous stress is of the order of]v r /]r
5O(]v/]x), from the continuity equation, wherev r and v
are the radial and axial components of the velocity. Press
4-7
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variations along the jet should be of the same order as
normal viscous stress, in the presence of vorticity genera
at the surface. Withv5O(Q/r s

2), the order-of-magnitude
balance of these stresses and the normal electric stress

Q

xrs
2
;En

2 . ~21!

Conditions ~20! and ~21! imply x5O(Q1/2) and En
5O(Q1/4/r s), meaning that the surface becomes a thin je
distances from the apparent apex not much larger than
size of the hydrodynamic regionRh , and that the electric
field at the surface increases as the jet gets thinner. A co
quence of these results is that the effect of the surface ten
becomes formally negligible in the jet, whenr s!Rh
5O(Q1/2), because the surface curvature increases less
idly than the pressure and viscous stresses: (1/r s)/(v/x)
;r s /Q1/2!1 in Eq. ~6!, from the estimates given above.

4. Ion evaporation region

If the estimates of the preceding section are exten
down to values ofr s for which En5O(E* ), they give r s

5O(Q1/4/E* ) and v5O(Q1/2E*
2
) in the evaporation re-

gion. In the absence of space charge effects, the current
evaporates from this region is determined by the rate
which current can be transported in the jet. The maxim
possible axial field in the liquid is of the order ofQ21/4,
assuming that the field induced by the meniscus finally en
the liquid, which along with the estimate ofr s above gives a
conduction current of the order of I 5O(Etr s

2)

5O(Q1/4/E*
2
). The surface current, which will be partiall

convected by the flow beyond the evaporation region, m
also be estimated takings5O(E* ). This gives Ĩ

5O(Q3/4E*
2
), which is small compared withI when Q

!1/E*
8
, in which case most of the current evaporates fr

the surface.
The flow rate accompanying ion evaporation is nearlyzI

in these conditions@see Eqs.~9! and~13!#. It becomes of the
order of the injected flow rate whenQ decreases to values o
the order ofQ15z4/3/E*

8/3
, but this is typically small com-

pared with the minimum flow rate estimated in the followin
paragraph. The result suggests that, contrarily to what h
pens with the electric current, most of the injected flow r
is carried by the spray of drops into which the jet eventua
breaks.

Since“•Ei50 in a liquid of constant conductivity, the
axial variation ofEt leads to a radial fieldEr

i 5O(r sEt /x) at
the liquid side of the surface. The condition thatbEr

i &E* in
the evaporation region@a consequence of the second con
tion ~9!, as was discussed before# requires thenQ*Qm

5b2/E*
4
, which is a condition of consistency of the estim

tions given above. The order of this minimum flow rate c
incides with the estimate ofQ* in ~19! for the caseb1/2E*
@1, which means that ion evaporation in the regime a
lyzed here should occur only in a narrow range of flow ra
in this case. In the opposite case ofb1/2E* !1, however, ion
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evaporation should be expected over the wider range of fl
ratesb2/E*

4
&Q&1/E*

8
.

The pressure variation along the jet can be best estim
from the axial component of the momentum equation in~4!
integrated across the jet. Upon using Eq.~7! and then ne-
glecting the radial variations of the pressure and the veloc
this equation yields

pr s
2 d

dx S 2p12
dv
dxD12pr ssEt16pvr s

drs

dx
50,

where v5
Q

pr s
2

. ~22!

The second term of Eq.~22! comes from the electric shear a
the surface. The mismatch between this term and the te
proportional tov is the cause of the pressure variation, whi
has its origin in the vorticity generated at the curved surfa
Both effects matter and give rise to pressure variations
normal viscous stresses of the order ofE* in the evaporation
region.

5. Jet beyond the evaporation region

The electric shear keeps acting on the jet beyond
evaporation region, where it leads to pressure variations
normal viscous stresses large compared with the normal e
tric stress. Then the following conditions hold

r s
2 p

x
;r s

2 v

x2
;r ssEt , vr s

2;Q, svr s; Ĩ , ~23!

which express the balance of all the terms of Eq.~22! and the
conservation of mass and electric current in the jet. Fr
these conditions,

r s5OS Q5/8

E* x3/4D , s5OS E* Q3/8

x3/4 D ,

p5OS v
xD5OS E*

2
x1/2

Q1/4 D , ~24!

where use has been made of the estimate ofĨ given above.
Surface tension comes back into play when 1/r s;p, which
happens forx5O(E*

4
Q3/2), and the solution takes th

asymptotic form~13! for x@E*
4
Q3/2.

IV. DISCUSSION

Values ofb1/2E* for formamide and EMIBF4 are of the
order of unity, which places these liquids midway betwe
the extreme cases mentioned in~19!. Therefore, ions and
drops should be expected to coexist in a moderate rang
nondimensional flow rates, which is in agreement with e
perimental results@13–15#. Ion evaporation from the region
of high electric field at the beginning of the jet ceases wh
4-8
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the flow rate increases above a value ofO(Q* ), whereas a
stationary solution of the type discussed here fails to e
below a flow rate ofO(Qm).

The ratioQ1 /Qm is small for formamide and EMIBF4,
which means that the minimum flow rate is attained wh
the evaporation flow rate is still negligible. The estimates
Sec. III B do not predict a continuous transition to a pu
ionic regime through a branch of stationary solutions, wh
is also in line with the experimental findings of Romeroet al.
@15#. These authors have put forward an explanation of
transition from the drops-and-ions regime to a pure io
regime. In their scenario, drops come to be shed dire
from the evaporation region with nearly constant size a
charge but with a frequency that decreases with decrea
Q, until drop ejection vanishes at a certain critical flow ra
Below this flow rate, a pure ionic regime is left, with io
evaporation occurring at a stationary jetlike protrusion of
meniscus that resembles the cusp of a LMIS—though imp
tant differences between LMIS and the present ion sou
have been already pointed out for the relatively high fl
rates of the drops-and-ions regime.

At first sight, the conditions that led to the estimates~20!
and~21! are also applicable to the cusp of a pure ionic em
ter, but then the additional conditionQ5zI should be satis-
fied because there is no jet that could take care of any
maining flow rate or current. The extra condition
incompatible with the estimateI 5O(Q1/4/E*

2
) for all but a

particular flow rate, which in any case would be smaller th
Qm . Such negative results suggest that the pure ionic reg
is quite different from the regime discussed in this paper

It has been mentioned before that currents branching
the square root law more abruptly than in Figs. 2 and
would probably be obtained ifA were increased to mor
realistic values. This would make the numerical results m
similar to the experimental data in Refs.@13,15#. However, a
continued exponential increase of the current with decrea
flow rate cannot occur in the framework of the prese
model, irrespective of the value ofA. Though the exponentia
ion evaporation law in Eq.~8! implies that the ionic curren
increases very rapidly when the surface electric field ri
aboveE* , this current has to reach the evaporation region
the surface by conduction in the liquid, which is the curre
limiting factor in the conditions envisaged here. Conduct
is already at about its maximum when evaporation beg
@6#, and it could increase exponentially only if the elect
field in the liquid increased exponentially, which is not t
case. In these conditions, the maximum surface field ha
adjust itself when the flow rate is decreased so as to rem
within a range ofO(1/AE*

1/2
) aroundE* .

An electric current varying proportionally toQ1/4 is mar-
ginally observable around the smallest flow rate of Fig.
though the flow rates at which evaporation occurs in th
computations are substantially smaller than in real exp
ments and the asymptotic estimates should not be expe
to apply very well. The reason is that the value ofE* that
has been used in the computations is slightly larger than
in reality, andQ* in ~19! depends strongly onE* . Solutions
for larger flow rates would have been much more difficult
01630
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compute, while the computed solutions already display so
of the expected features of real cases.

Figure 6 shows that the surface tension is important
erywhere. Surface tension is needed in the upstream con
meniscus to balance the normal electric stress, and in
downstream jet to balance the electric shear-induced p
sure. But it should be playing a secondary role in a cen
region in between, where pressure, viscous, and elec
stresses dominate, according to the estimates of Sec. III
for large flow rates. The numerical results show, on the ot
hand, that the relative importance of pressure and nor
viscous stress increases withQ, but they do not overcome
surface tension even at the largest flow rates for whic
solution has been computed. That the pressure and no
viscous stress have opposite signs in the central region
agreement with the condition expressed in~24!, that they
should balance each other when they eventually domin
but it makes their combined contribution even smaller in
numerical results.

Apart from the obvious reason that the flow rates in t
computations are too small for the asymptotic results to
applicable, the persistence of surface tension may be po
ing out that pressure and viscous stresses are smaller th
the estimates of Sec. III B 3 that led to~21!. The flow is
somehow able to negotiate the cone-to-jet transition gene
ing little vorticity and small viscous stresses. The scalev/x
for the pressure and viscous stresses is expected to be
rect, but the numerical values of both scaled quantities m
be small. This result lends support to the proposal of Fern´n-
dez de la Mora and Loscertales@3#, that the cone-to-jet tran
sition should take place in the relaxation region of sizeRe
5O(bQ)1/3, despite the fact that the normal viscous stres
the surface in such a region would be much larger than
surface tension whenQ@b2.

The conditionQ@b2, leading to a hydrodynamic regio
large compared with the relaxation region, is satisfied for
flow rates typical of the drops-and-ions regime, but proba
not in the pure ionic regime. It is also not satisfied in t
computations summarized in Fig. 2, which detracts fro
their faithfulness but at the same time may be allowing th
to hint at an important feature perhaps to be expected of
pure ionic regime. Namely, the hydrostatic balance of surf
tension and normal electric stress extends through the t
sition region and into the jet, until the electric shear-induc
pressure takes over when the normal electric stress decl
Inspection of the numerical results shows that it is the l
term of Eq.~6!, due to the field tangent to the surface, th
contributes most to the normal electric stress when the
face departs from a cone.

V. CONCLUSIONS

Numerical computations and order-of-magnitude estim
tions have been used to analyze the field-induced evap
tion of ions from the surface of a polar liquid in the high
field cone-to-jet transition region of an electrospray. T
following results are obtained, all of them in agreement w
recent experimental and theoretical results of Ferna´ndez de la
Mora and co-workers@13,15#. A regime of coexistence o
4-9



te

n
b
o

th
k

te
o
e

lu

ag-
the
um

ns.
en-

F. J. HIGUERA PHYSICAL REVIEW E 68, 016304 ~2003!
ions and charged drops exists in a range of flow ra
bounded above by the onset of ion evaporation and below
a minimum flow rate below which no stationary solutio
seems to exist. The total electric current, which is limited
conduction in the liquid, is larger than in the absence
evaporation. When the flow rate is decreased within
range of the drops-and-ions regime, ion evaporation ta
care of most of the electric current while most of the injec
mass still goes into the drops. No continuous transition t
pure ionic regime is found when the flow rate is further d
creased.

An apparently consistent asymptotic structure of the so
h

S

e-

s.

s

.
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tion in the drops-and-ions regime is proposed. Order of m
nitude estimates of the ions and drops contributions to
current are worked out, as well as estimates of the maxim
and minimum flow rates bounding this regime.
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